A MATHEMATICAL COMPUTATION OF HYDRODYNAMICS
MODEL WITH VARIABLE COEFFICIENTS IN A UNIFORM

RESERVOIR BY USING THE LAX-WENDROFF METHOD

CHUNYA SORNSRI

A THESIS SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF MASTER OF SCIENCE
PROGRAM IN MATHEMATICS FACULTY OF
SCIENCE AND TECHNOLOGY
RAJAMANGALA UNIVERSITY OF TECHNOLOGY THANYABURI
ACADEMIC YEAR 2010
COPYRIGHT OF RAJAMANGALA UNIVERSITY

OF TECHNOLOGY THANYABURI



Thesis Title A Mathematical Computation of Hydrodynamics Model with

Variable Coefficients in a Uniform Reservoir by using the Lax-

Wendroff Method
Name — Surname Mrs. Chunya Sornsri
Program Mathematics *
Thesis Advisor Assistant Professor Dr. Sarun Wongwai
Thesis Co-advisor Dr. Nopparat Pochai
Academic Year 2011 ‘

THESIS COMMITTEE
—/
........ Y \V‘A—M" Chairman
(Associate Professor Wirat Chansirirattana)
................... SV Committee
-~

........... /len g"\é:“‘”‘ °( Committee

(Dr. Sureerat Areeraksakul Konglok)

Approved by the Faculty of Science and Technology, Rajamangala University of
Technology Thanyaburi in }’artial Fulfillment of the Requirements for the Master’s Degree

Staijbar B

......................................... Dean of Faculty of Science and Technology

war

(Assistant Professor Dr. Sirikhae Pongswat)




Thesis Title A Mathematical Computation of Hydrodynamics Models with

Variable Coefficients in a Uniform Reservoir Using the Lax-

Wendroft Method
Name — Surname Mrs. Chunya Sornsri
Program Mathematics
Thesis Advisor Assistant Professor Dr. Sarun Wongwai
Thesis Co-advisor Dr. Nopparat Pochai
Academic Year 2011
ABSTRACT

The purposes of this research are to develop mathematical models and numerical methods
for approximating water flow directions and pollution levels in a uniform reservoir with non-
uniform current. Generally, the pollution levels in a reservoir are measured via data collection at the
real site. It is somehow rather complex and the results obtained tentatively deviate from one point of
time/place to another. Previous research work applied a mathematical model called “the dispersion
model” to estimating the water pollution levels. Nonetheless, the estimation accuracy received is
seemingly unsatisfactory, especially, when the water flow is not uniformly distributed.

This research begins with developing a mathematical model which combines two existing
mathematical models: a hydrodynamic model and a dispersion model. Using equation, (Ninomiya

H. and Onishi K., 1991)
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to make the model suitable to uniform reservoirs, the hydrodynamic model is modified by changing
its constant coefficient into variable one. It is then converted to a dimensionless form of equations.
Firstly the Lax-Wendroff method is subsequently used to estimate the water velocity and elevation.

Secondly, the forward differences in time and central difference in space were used in convection-



diffusion equation,
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The equation combined with the calculated velocity is thus used in the dispersion model to
approximate the concentration levels of the pollutants.

The result of this research shows that the proposed model can estimate the water velocity,
the elevation, and the flow pattern as well as the concentration of the pollutants in a uniform
reservoir at any various time and place. The accuracy of estimation is within the units of centimeters

and seconds. In addition, the proposed model can be applied to other water sources having non-

uniformly distributed water flows.

Keywords : Hydrodynamic Model with Variable Coefficients, Dispersion Model, Uniform
Reservoir, Lax-Wendroff Method, Forward Time, Central Space (FTCS)
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CHAPTER 1

INTRODUCTION

1.1 Water pollution problems

The increases in an industrial occupation is the principal reason for the growth of
pollution. Water quality must be protected and maintained for several use, the principal ones being
domestic water supply, energy production, industry, agriculture, fish and wildlife. The highest
priority use is domestic water supply, with priorities for other uses depending largely on local or
reginal conditions and factors. Water pollution can effect humans in many ways, depending on the
purpose for which the water resources are to be used. Since it affects human lives, it is health
problem.

The term to pollute may be defined as to destroy the purity of or to make foul or dirty.
Water pollution may therefore be defined as the alteration of the characteristics of a receiving water
body in such a way as to make it unfit for one or more specific uses. To state it another way,
pollution refers to the changes in the natural physical, chemical, and biological characteristics of a
receiving water caused by the discharge of any material into that water that detracts from beneficial
use.

Control of pollution is necessary for the protection of the water environment and the
maintenance of acceptable quality in rivers, lakes, reservoirs, streams, estuaries, oceans, and
groundwater, The standard, in turn, will depend on the uses to be made of the receiving waters:
water supply, fishing-wildlife, industrial, and other uses.

The methods to detect the amount of pollutant both in the air and water mostly are

conducted by a field measurement and a mathematical simulation.

1.2 Water quality standards
Water quality standards have generally taken one of two forms: receiving water
standards and effluent standards.

1.2.1 Receiving water standards are classified in several categories, according to the



highest beneficial use expected.
1.2.2 Effluent standards are limitations which are placed on the effluents and must be

limit by each individual source at the point of discharge.

1.3 Water pollution measurement

In water quality modeling, the amount of pollutant in a system is represented by its mass.
The utility of concentration is depend on it represents the strength rather than the quality of the
pollution. As such it is preferable to use concentration as an indicators of impact on the

environment.

1.4 Literature review

Tabuenca (1997: 313-332) developed the mathematical models to simulate pollution in
the Bay of Santander. They combined the hydrodynamic and water quality model that provides the
velocity field, height and pollutant concentration of the water. Both models are formulated in two-
dimensional equations. A case study in simulation of pollution evolution in the Bay of Santander is
presented.

Pochai (2006: 755-756) There are many methods to detect and control the amount of
water pollution in the water area. In this thesis, the mathematical models are used to assess and
control the pollution due to sewage effluent in the water area. The thesis gives the mathematical
models of water pollution measurement in one-dimensional and two-dimensional water areas with
regular and irregular boundaries. The cases of steady flow and unsteady flow of water current in
open and close water areas are considered. The finite element and the finite difference models are
used to calculate the water current and the pollutant concentration for variable inputs. These are
applicable for the optimal control of water treatment in the system and to achieve minimum cost
respectively. The results found that the computer programmes are constructed and used for the
water treatment process in both open and close water areas.

Pochai (2008: 803-814) in this research, two mathematical models are used to simulate
pollution due to sewage effluent in the uniform reservoir with varied current velocity. The first is
the hydrodynamic model that provides the velocity field and elevation of the water flow. The

second is the dispersion model that gives the pollutant concentration fields. In the simulating



processes, we used the Lax-Wendroff method to system of hydrodynamic model and the forward in
time and backward in space technique to the dispersion model. The accuracy of the models is tested
by the example.

Pochai (2009: 463-466) A mathematical model is used to simulate the water current and
the elevation in a uniform reservoir. A non-linear hydrodynamic model that provides the velocity
field and elevation of the water flow is considered. In the simulating process, the Lax-Wendroff
technique is used to approximate the solutions. The numerical solution can be the input data for a

water-quality model.

1.5 Objectives and Scope of the thesis

A Mathematical model is used to simulate the water current and the elevation in a
uniform Reservoir as a Figure 1. The hydrodynamic model provide the velocity and elevation of
water. Our research, we focus on the Lax-Wendroff method to approximate the solution of
hydrodynamic model with variable coefficients. Those results are needed data for the convection-

diffusion equation on the water quality model.
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Figure 1 Uniform reservoir Rama 9 reservoir (http://www haii.or.th)



1.6 Plan of the thesis

In this thesis describes the mathematical modelling of the water quality measurement in
a uniform reservoir. The first part gives the detail of the basic knowledge of the flow analysis and
mathematical modelling for water pollution measurement in two dimensional problems.

The second part gives the computation of the water quality measurement involved the
numerical solution of a shallow water equation. We also give the fundamental of the formulation of
governing equation that non-dimensional form of shallow water equation in two dimensional water
area such as reservoir.

The third part gives the formulation of the unsteady water quality measurement involved
the hydrodynamic model in the case of simply domain boundary and uniform bottom topography.
In the simulating processes, we used the Lax-Wendroff method to system of hydrodynamic model
and the Forward time/Central space (FTCS) to the dispersion model. The application of the models

are illustrated by the examples.

1.7 Expect of result
A couple models for simulation of the velocity, elevation and pollutant concentration in
a uniform reservoir is proposed. Since the numerical solutions are good agreement, simple

numerical schemes are attractive to use in these models.



CHAPTER 2

BASIC KNOWLEDGE

2.1 Hydrodynamic model

2.1.1 Hydrodynamic model shallow water equations

Horizontal flow of the seawater introduced by the motion of the moon and the sun is
called the tidal current. The vertical motion of the sea surfaced is called the tide. The tide is about
12 hours and 25 minutes of period at the place, where the tidal motion is semi-diurnal. The
continual motion of the sea water in some definite direction is called the ocean current. In this
section, we will give the basic equations which described the tidal current.

We consider an area of the sea with rectangular coordinates X, Y, Z(m). Let the surface
of the mean sea level designate the reference plane Z =0. Let h(X, Y) be the depth measured from
the mean sea level to the sea bed. The elevation from the mean sea level to the temporary sea
surface is called the tidal elevation, and it is denoted by £ (X, Y,t) with the time variable t(S).
The total depth of the sea is therefore given by H =h+ . We assume that the density of the
seawater p(Kg/m®)is constant. With the velocity components U,V(M/Sec) of the current to the
east and north respectively, the components U,V (m/Sec) of the vertically averaged velocity are

expressed by

1%¢¢
U :ﬁ,[_hUdZ’ (1)

1 (¢
V= —j vdz. ()
H J-h
The equation of continuity can then be written as follows Ninomiya H. and Onishi K. (1991)

8¢ O(HU) a(HV) _

0. 3
ot OX oy ®

Suppose that, the motion of the sea water, the acceleration in its vertical direction is

negligibly small. Based on the assumption that the pressure is hydrostatic, the equations of motion



can be given approximately as follows (Ninomiya H. and Onichi K., 1991),

ou . ou , ou oc 1 .0 U, o ouU
iU — 4V ——-fVt+g—==— " (uH )+ (uH—
o ox oy 9ox pH{éx('ug o ay(”f ay)}
1
W2 guUU?+V?)2
——CoSYy ————— ", 4
+—cosy o )
N N oV oc 1 0 N, 0 oV
iUV U g2 =—{(uH =) +—(uH =
p P Y gay pH{aX(ﬂé ax) ay(ﬂ.g ay)}
1
KW? . gV (U2 +V?)?
+—71Shy - ————+—, 5
% o (%)

where f is the Coriolis factor, given by f =2@®Sin¢ with the angular velocity of the terrestrial
rotation @ =7.292x107°(rad /s) and the latitude ¢(rad); @ is the gravity acceleration
9.81(m/s%), w, is the eddy viscosity, K is the non-dimensional coefficient of a superficial force
due to the wind blowing on the surface, W is the wind speed (M/$S) 10 meters high above the sea
surface, ¥ is the angle of the wind direction from the east, and C is the Chezy coefficient

(M"? /s) of the friction on the sea bed. The coefficient are often given by

1.0x107% if W <5,
K =<1.5x107%if 5<W <15,
2.0x107%if 15<W <20,

and
C X ( % h1/6 (6)

with the Manning’s coefficient of roughness N.
If the shearing stresses, the surface wind and frictional forces are neglected, (Ninomiya

H. and Onishi K., 1991), the equations of motion become

v +UaU +V8U—f\/+ga—§=o, (7)
ot OX oy oy
ﬂ+u ﬂwﬂ— fu +g%=0 ®)
ot ox oy oy

The equations (3), (7) and (8) are called the shallow water equations.



2.1.2 The initial and boundary conditions
There are two kinds of boundary conditions that we are considered. (i) Along the
seashore denoted by I'\,, the normal component of the current velocity is equal to zero:
V, =Un, +Vny =0onl, 9)
where N, N are the components of the external unit normal to the boundary.
(i1) Along the boundary Fg,where the region is open to the outer sea, the tidal elevation is

prescribed. For the sake of simplicity we consider
. 2T
é/(t) = ASII‘I(?'[) on 1"4, (10)

where A is the amplitude of the monochromatic tidal wave (m),and T =12+5/12 (hours)
being its period.

The initial condition in a real sea is not certain. Usually, the calculation starts with calm
sea, we suppose the £ =0,U =V =0at t =0,and in 0, where Q is the domain to be analyzed,

This technique is called a cold start.

2.1.3 The non-dimensional form of two-dimensional of hydrodynamic model in the

uniform reservoir

The continuity and momentum equation are governed the hydrodynamic behavior of the
reservoir (Ninomiya H. and Onishi K., 1991). We average the equation over the depth, discarding
the term due to the Coriolis force, shearing stresses and surface wind. The well-known two-

dimensional shallow water equations are

%+%[(h+§)u]+%[(h+§)v]:0, (11)
%“+gg—§=o, (12)
Nig% (13)



Figure 2 The shallow water system in the reservoir.

where h(X,Y)is the depth measured from the mean water level to the bed of the reservoir,
£ (X,Y,t) is the elevation from the mean water level to the temporary water surface or the tidal
elevation, g is the acceleration due to gravity, and U(X,Y,t)and V(X,Y,t)are the velocity
components, for all (X,Y) E[O,|]><[O,|]. We now introduce the two-dimensional non-linear
shallow water equation with dimensionless form (Pochai, 2008: 803-814) by letting
U=u/JghV=v/Jgh, X=x/l, Y=y/l,Z=¢/hand T=t/gh/l. We assume

thath+¢ = h . From equation (11), we obtain

%+ihu+£hv:0, (14)
ot ox oy
oZh 0 0

+—hU+/gh +—hV./gh=0, 15
5 LU £ oYl 3 (1s)

Joh
hJoh oz hJohou hyghov
I | |

oT oX oY

) (16)
Equation (16) multiply b I t
quation multiply by ——, we ge

hy/gh

oZ oU oV
—+—+—=0

=0. 17
or oX oY 1

From equation (12), we can see that

au\/ﬁ+g ozh _
Pl oxI

Jon

, (18)



ghou ghoz

=0, 19
I aT | ox (19

I
Equation (19) multiply by _h , we have
g

o oz
—+ =

—t— 20
oT  oX (20)
From equation (13), we can see that
av\/7 0 on
P 8Y|
&
ghov gh [24 _o, )
| 8T I 8Y
Equation (22) multiply by Lh , we obtain
g
oN o7
—t—= (23)
or oY

0Z 0Z
Assume that the coefficients of a—xand el 1+ XY) respectively, where0 < XY <1.

Equations (17), (20), (23) become

%+Q+ﬁ:0, (24)
oT oX oY

aU (L ><Y)—= 25)
av o XY)—= 26)

Initial condition
In Qx [0, S] where Q = (0,1) x (0,1) with the initial conditions
Z(X,Y,T)=f(X,Y)and U(X,Y,0) =V (X,Y,0)=0.
Boundary condition
Z(0,Y,T)=Z@LY, T)=2(X,0,T)=2Z(X,1,T)=0at 0Q.
2.2 Dispersion model
2.2.1 Convection-diffusion equation
Numerous types of water motion transport matter within natural waters. Wind energy
and gravity impart motion to the water that leads to mass transport. In the study within-system

motion can be divided into two general categories: convection (advection) and diffusion.



The convection results is unidirectional and does not change the identity of the substance
being transported. Convection moves matter from one position in space to another. Simple
examples of transport primarily of this type are the flow of water through a lake’s outlet and
downstream transport due to flow in a river or estuary.

Diffusion refers to the movement of mass due to random water motion or mixing. Such
transport causes the dye patch depicted to spread out and dilute over time with negligible net
movement.

The dispersion of the concentration is described by the convection-diffusion equation in

an arbitrary domain Q] ",n=1,2,3

or
—+YIV[ =DV, 27)
ot
where
\% is defined by ii+ij+ik,
Jore aav:ias aVo/d
e
% is the Laplacian operator — +—+—,
ox® oy® oz
I'(x,t) is a concentration terms,
Y(x,t) is a velocity terms,
D is a molecular diffusivity.

Both ["and Y are function of position x and time t. The domain boundary can be
classified into two types, that are (), with specified concentration and (2, with specified flux of
concentration, and total boundary 0Qis 0Q=Q, UQ,and QO NQ, =¢@. The boundary
condition concerning C are given as follows: the concentration is specified in part of the boundary
on €2 ,and the diffusive flux in the exterior normal direction is specified on the rest of the

boundary on €, are

C = C; onQ, (28)
_D(Z_i = Tz on Q,. (29)

If the boundary is a non-absorbing or reflexive boundary, then we can put T, =0.1f a
discharge of the mass is instantaneous, the amount of the discharge can be considered in the initial

condition C; = C; where Cj is a constant.

10



2.2.2 The two-dimensional unsteady convection-diffusion equation
The distributed pollutant process satisfies the mass transfer equation, which includes
transportation and diffusion. Averaging the equation over the depth, we get the convection-

diffusion equation in two-dimensional domain Q [ 2,

oc oC oC 0°C 0°C
—+U—+V—=D(H+—
ot OX oy ox~ oy

where C(X, Y, 1) is the concentration averaged in depth at the point (X, Y)and at time t, D is the

): (30)

diffusion coefficient and U(X,Y,t), V(X,Y,t)are the velocity component. The initial condition

C(x,y,0)=g(x,y)at t =0 and the boundary condition % =T, on 0Q.

2.2.3 The dispersion model in the uniform reservoir
The distributed pollutant process satisfies the mass transfer equation, which includes
transportation and diffusion. Averaging the equation over the depth, we get the convection-

diffusion equation

oc oC oC 0°C o9°C
—+tU—+V—=D| —+— |,
ot OX oy ox~ oy

where C (X, Y, t) is the concentration averaged in depth at the point (X, y) and at time t, D is the

3D

diffusion coefficient and U (X, y,t),v(x, y,t) are the velocity component. We will consider the

initial condition C (X, Y, 0) 2[4 (X, y) at t =0 and the boundary condition Z—C =0 on 0Q.
n

11



CHAPTER 3

NUMERICAL TECHNIQUES

3.1 The numerical solution of hydrodynamic model

The hydrodynamic model provides the velocity field and elevation of the water. The
calculated results of the model are input to the dispersion model, which provides the pollutant
concentration field. To obtain an approximate solution of the initial boundary value problem, the

finite difference methods is used.

3.1.1 The numerical solution for the hydrodynamic model in the uniform reservoir
The hydrodynamic model provides the velocity field and elevation of the water. The
calculated results of the model are input to the dispersion model, which provides the pollutant
concentration field. The equation (24)-(26) can be written in the form
oW oW oW

=A +B , (32)
oT oX oY

where,
W, 0 ~~i! 0 0 -1

W=|W, |, A=|—-1+XY) 0 O0f, B= 0 0 0], (33)
W, 0 0 O —(1+XY) 0 O

W, =2Z,W, =U,W, =V . We now discretize Eq. (32) by dividing the interval [0,1] into L and M
subintervals and such that LAX =1 and MAY =1, and the intervals [0, 3] into N subintervals
such that NAT =3. We can then approximate W, (X,,Y,,T,) by W;m ,the value of the
difference approximation of W,(X,Y,T) at point X =IAX,Y =mAY and T =nAT ,where
0<I<L,0<m<Mand 0<n<N, and similarly defined for WZT,m and WS?,m . The grid point
(X,,Y,,,T,) are defined by X, =1AX foralll=0,1,2,....L, Y, =mMAY forallm=0, 1, 2,....M

and T, =NAT foralln=0, 1, 2,...,N in which L, M and N are positive integers.
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Using the Lax-Wendroff method (Mitchell, 1969). We have the following finite difference

equation.

1 A 1 s 1 A A et et
Ulrjr;l = [I +E p’Aﬁ,m2 (Ax +vx) +E pBI,m2 (Ay +Vy)+z pZ(A,mzAxA,mzvx + A|,m2VxA|,m2Ax)

1

1 s N+ s et 1 TN PN n
+Z pz(a,msza,mzvy + 3,m2vy3,m2Ay) +§ pZ (A,m2 3,m2 + 3,m2 A,mz)(Ax +vx)(Ay +Vy)]UI,m’
(34)

where I is the unit matrix of order 3 and P = At/ AX.

1
n+=
. . . n
Since A and B independent of time, we can assume that A’ =A =A = and
1 1 1

T2 =W, 2 and U =W,

I,m I,m

n
=B, 2 _ B, . It follows that U

n
B m

I,m

where

n
ll m

Wl,nm = Wzr:m ) vle,nm =Win _Wiil and AxWin :Wiil

—W,"

3I m

we can see that

n+ n 1 n 1 n
Wl,ml = [\Nl,m +§ pA1m(Ax +Vx) I,m +§ pBI,m (Ay +vy)WI,m

1 N n
+Z pZ(ALmAxALmVx 77 A,mva,mAx) I,m +Z pz(BI,mAyBl,mvy + BI,mvyBI,mAy) I,m

1 n
+§ pZ(A,mBI,m atr BI,mALm)(Ax +Vx)(Ay +vy)WI,m]' (35)
. 1 n 1 n n
Consider, 2 PA (A, +V W, =E PA (AW, +V W),

1 n n n n

S E pA1,m (\NI+1,m _Wl,m +Wl,m _Wl—l,m)'
1 n n

= E pA1m (\NI+1,m _Wl—l,m)' (36)

1 1
Consider, E pB'rm (Ay +Vy)Wl,nm = E pBI,m (AyWI,nm +Vy )

I,m/
1 n 1 n n n n
E pBI,m (Ay +vy) Im — E pBI,m (\Nl,m+1 _Wl,m +Wl,m _Wl,m—l)’
1 n n
=5 pBI,m (\Nl,m+l _Wl,m—l)' (37

2
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Consider, 4 P(ALALALY, ALV A AW,
l n n
:Z pZA,m(AxALmVxWI,m +va,mAxWI,m)’
1 n n n n
= Z pzAl,m(AxALm (\Nl,m _Wl—l,m) +VXA1,m (\NI+1,m _Wl,m)’

1 n n n n
= Z pZA,m(AxALmWI,m _AXA,mWI—l,m) + (VXALmWIJrl,m _VXA,mWI,m)’ (38)

we obtain % DZ(A,mAXA,mvx + A,mva,mAx) |,nm

:% pzAl,m[(AMl,m Izl,m - A1,mW|,nm) - (A1+1,m I,nm - A1,mWI21,m)

+(A1,mWI?-1,m - A]—l,mWI,nm) = (ALmWan - A1_1,mW|21,m)]' (39)

Consider, %pZ(B AB .V, .+B .V B _A)) mm

Im=y=lIm"y LmY y=Im=y

! "
:ZpZBLm(AyB V,+V,B A

ImYy I,m=y I,m?

VW +V, B AW,

1
:Z pZBI,m (AyBI,m y
l n n n n
= 1 pZBI,m (AB (W =W )+ VB (W, =W,

1 n n n n
= Z pZBI,m (Ay BI,mWI,m AN AyBI,m\NI,m—l) + (VyBI,mWI,m+1 - Vy BI,mWI,m)’ (40)

weobtain%pz(B AB .V +B .V B _A) fm

ILm=y=Im"y Im Y y=lIm=y

1 n n n n
= Z pZBI,m[(BI,m+1W BI,mvvl,m) A (Bl,m+1WI,m - BI,mVVI,mfl)

I,m+l
+(BI,mWI ,nm+1 - BI,m—l\NI,nm) = (BI,mWI ,nm - Bl,m—lwl,nm—l)]' (41)
. 1, n
COHSldera g p (Am BI,m + BI,mALm)(Ax +Vx)(Ay +vy) I,m

1 n n
:g pz(Al,mBl,m + BI,mALm)(Ax +Vx)(AyW|,m +vy I,m/1

1 n n n n
= g pZ(A,m BI,m + BI,mAi,m)(Ax +Vx)(W|,m+1 _Wl,m +Wl,m _W|,m,1);



1 n n
= g pz(A,m BI,m + BI,mALm)(Ax +Vx)(\Nl,m+1 _Wl,m—l)'
1 n n
= g pZ(A,m BI,m + BI,mAi,m)[(Ax +vx)Wl,m+l _(Ax +vx)Wl,m—1]’

1 n n n n
= g pz(pﬁ,m BI,m + BI,mALm)[(AxWI,erl + v><Wl,m+1) - (AxWI,m—l + v><Wl,m—1)]!

1 n n n n
= g p2 (Am BI,m + BI,mAi,m)[(VVIJrl,erl _Wl,m+1) + (\Nl,m+1 _Vvl—l,m+1)]

W =W ) + W =W DT (42)

we obtain

1 .1 .
g pZ(A,mBI,m + BI,mA,m)(Ax +Vx)(Ay +Vy) I,m =§ pz(ALmBl,m + BI,mA,m)[(\NI+l,m+l
_Wlil,mﬂ _Wlil,m—l +Wlil,m—1)]' (43)

It obtained the general form of equation,

n+ n 1 m n 1 n n
Wl,m:L = WI,m + E pAm (\Nl+l,m —Wl—l,m) + E pBI,m (\Nl,m+1 _Wl,m—l)

+% pzA,m[(Aﬂ,m Iil,m = A1,mWI,nm) —(A-»-l,m I,nm g 2 A1,m\NI21,m)
+(A,mwlzl,m N A—l,mWI,nm) )/ (A1,mW|,nm J A—l,mwlil,m)]

1 n n n n
+Z pZBI,m[(BI,m+1WI,m+1 - BI,mWI,m) D) (Bl,m+1WI,m N BI,m\NI,m—l)

+(BI,mWI?m+1 -B Wl,nm) 4 (Bl,mWI,nm A Bl,m—lwl,nm—l)]

1,m=:
1 n n n n
+§ p2 (Am B|,m + BI,mA,m)(WI+1,m+l _Wl—l,m+1 _Wl+l,m—1 +W|71,m71)’ (44)
where
1Ir,'m
Wl,nm = Wsz > AxWin :Wi:1 _Win > V><Win :Win _Wigl-
3I,m

A stability analysis of the Lax-Wendroff scheme (44) with matrices A  and B, has

1
been given in (Mitchell, 1969). The Lax-Wendroff scheme is stable if p |ﬂ.0| < ——, where

242
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|20| = max{jﬂ,,*m ‘,‘/IBLm ‘} such that |A—/1A| | = 0,|B - gl | =0, where 4, , Ay are eigenvalues
of A ,and B,  respectively. We can obtain in our case the A4, =1,-1,0 and 43 =-1,0,1 , it

follows that |/10| =1. Then P must be less than or equal to

1
242

3.2 The numerical method for dispersion model in the uniform reservoir

n

Im» the value of the difference

We can then approximate C(X,V,,t,)by C
approximation of C(X,Y,t)at point X=IAX, y=mAy and t=nAi, where 0<I<L,
O<m<Mand 0<n<N. The grid point (X Y.t )are defined by X =IAX for all
1=012,..,L,y,=mAy forall m=0,12,...,M, and t, =nAi forall n=0,1,2,..,N in

which L, M and N are positive integers. Consider forward in time technique

oU U(x t+At)-U(xt)

45
ot At 43
Consider the Taylor series expanise
2 3
U (x+ AX) =U (x) + AxU'(x) +%U "(X) +%U "(X)+..., (46)
2 3
U (x—Ax) =U (x) — AxU'(X) +%U "(X) —%U "(X) +..., (47)

If Eq(46) and Eq(47) are subtracted, the term involving U (X) and U™ (X) are eliminated and

simple algebraic maniputation gives

3
U (x+Ax) —U (x—AXx) = 2AxU'(X) +%U’"(x)+..., (48)
U (x+ AX) —U (x — AX) = 2AxU(x) +O((Ax)2), (49)
hence,
U,(X)zU(x+Ax)—U(x—Ax)’ (50)

2AX

where O(AX ) denote term containing AX and higher power of AX. If Eq(46) and Eq(47) are

added, we can see that

U (X + AX) +U (x — AX) = 2U (X) + (AX)*U "(x) +(A4L|)4U @D(xX) +..., (51)

16
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U (x+ AX) +U (X — AX) = 2U (x) + (AX)2U "(x) +O((Ax)2), (52)

hence,
U(X+Ax)—2U (x)+U (x— Ax)

U"(x) ~ v

(53)

Taking the forward difference in time and central difference in space technigue in equation (31)

consider

Clr,]:wl - CIr,]m n U| . CIrlrl m Cn—l m |4 V|nm CInm+1 CI m-1
At ' 2AX ‘ 2Ay

CIrl-l m_ chnm 51 Cln—l m C:Inm-¢-l - chnm + CInm—l
I N 7 I U
X y
multiply Eq(54) by At, we can then
n+! n At n n n At n n
CI,ml _Cl,m +Eul.m (Cl+lm Cll,m)+2_AyVI,m (CI m-+1 CI m 1)
n At n n
:D|:( ) (Cl+lm C +C—lm)+(Ay) (CI m+1 2 +C —1):| (55)
we get
Ol = Gl + o uricia) NP S B | = 2 ey |
2Ax 2AX 2Ay 2Ay (A )?
~ A aper + A per v A per A aper v AU bper L, se)
(AX) (Ax)? (Ay) R A\')) T (4y) '
we can see that
Clnr;l Cn _ﬂulnm Irl-lm +ﬂulnm In—lm _ﬂvlnm Inm+1 +— At VI mCInm—l At DCIrl-lm
’ 2AX TO2AX T T2AY T 2Ay (AX)?
A oper, + A pep, v A pep - A aper + A per L )

_W Im (A ) m (Ay)z I,m+l_W I,m W I,m-17
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we have
Cn+l Cnm Al I AnN2 DClnm - At 2 2DCInm Al VI mCInm+l Al N2 DCInm+l At DCIrl-lm
(AX) o (4y) T 2Ay (Ay) T (Ax)?
At .o A ) At At At )
T AaaL Ylm I+lm uI mC —lm N2 ——D 1-1,m +—2 I,m—1+_vl mCI m-11 (58)
2AX 2AX (AX) (Ay) 2Ay

we can see that

ez A py A don 1o A op A op e o AL p Al o
’ (Ax) 2AX ’ (AX) (Ay) 7 (Ax) 2AX

+ (iz D+ ﬂVlrjm j CIrjm—l + {iz D= ﬂ jC|nm+1a (59)
(Ay) 2Ay (Ay) 2Ay "

At At
(A7 (ay)*’

for1<I<L-1, 1<m<M-1and 0<n<N-1. Let A=—— Eq(59) becomes

Cn+1 AD+— At uy’ Cllm(l 2AD - 2/1D)C” ﬂD—ﬂuIm c'
2Ax 2AX

1+1,m

+ 1D+£Vlnm CInm—l ﬂ“D_ﬁvlnm C:Inm+1' (60)
2Ay 2AY ‘



CHAPTER 4

NUMERICAL EXAMPLES

We consider a uniform reservoir with dimension 320x320 m (I =320m) and constant
depth h =1m. The reservoir is meshed by 25 grids points with AX = Ay =80m and we take the

time interval At =5S. Initially the water in the reservoir is assumed to be motionless (U =0,

2 2
X X
v =0)and the water elevation is specified as £(X,Y,0) = (I——I—ZJ {Ty_i/_zJ The pollutant
2 2
X oC
concentration in the reservoir is C(X,Y,0) =X’ [1—?j yz[ —y?J with 8_: 0, non-
n

absorbing boundary of the reservoir. Using Eq. (44), the water elevation and the velocities in x-

direction and y-direction are shown in Table 1-9 respectively (See Appendix A).

Table 1 The elevation ¢ (dimensionless) at T=0

y,X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 0 0.035156 0.046875 0.035156 0
0.50 0 0.046875 0.062500 0.046875 0
0.75 0 0.035156 0.046875 0.035156 0
1 0 0 0 0 0

Table 2 The elevation ¢ (dimensionless) at T=0.05

y,x 0 0.25 0.50 0.75 1

0 0 0 0 0 0
0.25 0 0.03420 0.04590 0.03490 0
0.50 0 0.04580 0.06130 0.04540 0
0.75 0 0.03410 0.04580 0.03350 0

1 0 0 0 0 0




Table 3 The elevation ¢ (dimensionless) at T=0.1

y,X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 0 0.03324 0.04371 0.03387 0
0.50 0 0.04360 0.05686 0.04301 0
0.75 0 0.03315 0.04335 0.03259 0
1 0 0 0 0 0

In table 1-3 the water elevation at center point of the reservoir is greater than another

point. At the same point in the next time step, the water elevation will going down.

Table 4 The velocity x-direction U (dimensionless) T =0

v, X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 0 0 0 0 0
0.50 0 0 0 0 0
0.75 0 0 0 0 0
1 0 0 0 0 0
Table 5 The velocity x-direction U (dimensionless) T = 0.05
y,X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 -0.01565 -0.01565 0 0.01753 0.01753
0.50 -0.02191 -0.02191 0 0.02692 0.02692
0.75 -0.01784 -0.01784 0 0.02285 0.02285
1 0 0 0 0 0
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Table 6 The velocity x-direction U (dimensionless) T = 0.1

y,X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 -0.03024 -0.03024 -0.00019 0.03206 0.03206
0.50 -0.04110 -0.04110 0.00028 0.04589 0.04589
0.75 -0.03221 -0.03221 0.00031 0.03713 0.03713
1 0 0 0 0 0

In table 4-6, the velocity of water current in x-direction, the speed has change from the

originally.

Table 7 The velocity y-direction V (dimensionless) T =0

v, X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 0 0 0 0 0
0.50 0 0 0 0 0
0.75 0 0 0 0 0
1 0 0 0 0 0
Table 8 The velocity y-direction V (dimensionless) T = 0.05
v, X 0 0.25 0.50 0.75 1
0 0 -0.01565 -0.02191 -0.01753 0
0.25 0 -0.01565 -0.02191 -0.01753 0
0.50 0 0 0 0 0
0.75 0 0.01784 0.02692 0.02285 0
1 0 0.01784 0.02692 0.02285 0
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Table 9 The velocity y-direction V (dimensionless) T = 0.1

y,X 0 0.25 0.50 0.75 1
0 0 -0.03021 -0.04110 -0.03190 0
0.25 0 -0.03021 -0.04110 -0.03190 0
0.50 0 0.00006 0.00019 0.00056 0
0.75 0 0.03221 0.04589 0.03697 0
1 0 0.03221 0.04589 0.03697 0

y-direction, the speed increase in the direction originally.

In table 7-9 at the same point when the time increase the velocity of water in the

Table 10 The initial pollutant concentration C (X, Y, '[) kg/m?® for 0<x,y<latt=0

y,X 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 0 0.003666 0.013245 0.024479 0
0.50 0 0.013245 0.047852 0.088440 0
0.75 0 0.024479 0.088440 0.163456 0
1 0 0 0 0 0

pollutant concentration represented in Table 11-12 respectively (See Appendix B).

Table 11 The pollutant concentration C (X, y,t) kg/m*for 0<X,y<1att=0.05

Applying equation (60) with the values of U and V in Tables 5-6 and 8-9, we get the

y, X 0 0.25 0.50 0.75 1
0 0.000881 0.000881 0.003208 0.005918 0.005918
0.25 0.000886 0.006546 0.018874 0.025562 0.005918
0.50 0.003208 0.018874 0.050723 0.060255 0.021464
0.75 0.005919 0.025565 0.060255 0.049394 0.039603
1 0.005919 0.005919 0.021464 0.039603 0.039603
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Table 12 The pollutant concentration C (X, y,t) kg/mfor 0<x,y<latt=0.1

y,X 0 0.25 0.50 0.75 1
0 0.000887 0.000887 0.003233 0.005953 0.005953
0.25 0.000891 0.006548 0.018966 0.025708 0.005953
0.50 0.003233 0.018965 0.050719 0.060338 0.021631
0.75 0.005954 0.025711 0.060342 0.049645 0.039836
1 0.005954 0.005954 0.021631 0.039834 0.039834

In table 10-12, the pollutant concentration level will be growing up.
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Figure 3 The direction result of velocity u and v



CHAPTER 5

CONCLUSIONS AND RECOMMENDATIONS

A numerical solutions of hydrodynamic model that provides the velocity and elevation
of water in the reservoir is presented. The numerical techniques can transform the original
hydrodynamic model to be non-dimensional form of equation. The numerical results can also
transform come back to be dimensional solution as the input data for the convection-diffusion
equation of the water quality model.

These models can be applied to the real cases for sewage effluent in the non-uniform
reservoir, which changing the inputs water elevation function and discharge pollutant concentration

function.
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A numerical manipulation of Lax-Wendroff method for hydrodynamic model.

v X
m=d4 1
m=3 Q.75 1.3 2.3) (3.3)
X, =1Ax
m=2 0.5 .2) 2.2) (3.2) X, =1(0.25) =0.25
X, =2(0.25)=0.50
X, =3(0.25)=0.75
m=1 0.25 a,1) 31 G.1 X, =4(0.25) =1.00
0 0.25 0.5 0.75 1 »-X
=1 =2 1=3 1=4 L
M T
L P s
K N R
C J
B E H
A D G




Lax (1, 0) Initial Step

Z= XX = f(xy)
a [x=025 y=0.25

Then  |Z,, = (1—0.25)(0.25)(1—0.25)(0.25) = 0.03516

=(1-X)X(1-Y)Y

X Y z
z, 0.25 0.25 0.035156
Z,, 0.25 0.5 0.046875
Z,, 0.25 0.75 0.035156
Z,, 0.5 0.25 0.046875
Z,, 0.5 0.5 0.062500
753 0.5 0.75 0.046875
7 0.75 0.25 0.035156
Z,, 0.75 0.5 0.046875
s 0.75 0.75 0.035156




Lax (2, 0.05)

At=0.05
1 1 1 1 1 1 1 1 1
W 1,1 W 1,2 W 1,3 W 2,1 W 2,2 W 23 W 3,1 W 3.2 W 3.3
Z 0.03420 | 0.04580 | 0.03410 | 0.04590 [ 0.06130 | 0.04580 | 0.03490 | 0.04540 | 0.03350
0.03420 | 0.04580 | 0.03410 | 0.04590 | 0.06130 | 0.04580 | 0.03490 | 0.04540 | 0.03350
U -0.00500 | -0.00700 | -0.00570 [ 0.00000 | 0.00000 | 0.00000 | 0.00560 | 0.00860 | 0.00730
u -0.01565 | -0.02191 | -0.01784 [ 0.00000 | 0.00000 | 0.00000 | 0.01753 | 0.02692 | 0.02285
A\ -0.00500 [ 0.00000 | 0.00570 [ -0.00700 | 0.00000 | 0.00860 | -0.00560 | 0.00000 | 0.00730
v -0.01565 | 0.00000 | 0.01784 [ -0.02191 | 0.00000 | 0.02692 | -0.01753 | 0.00000 | 0.02285
7 _$| [c=2n U=—-"| [u=UJah| [u=ujE8)Q)
h Jgh
v -V | [v=viah] |v=v e8]
4Jgh
0 0 0 0 0
1 1 1
Wl wo | W, E 0 0.03410 | 0.04580 | 0.03350 0
1 1 1 .
W, | W, | W, 0 0.04580 | 0.06130 | 0.04540 0
1 1 1
. . N 0 0.03420 | 0.04590 | 0.03490 0
0 0 0 0 0
0 0 0 0 0
Wi W 23 L\ 33 u -0.01784 | -0.01784 | 0.00000 | 0.02285 | 0.02285
1 1 1
W, | W, | W, -0.02191 | -0.02191 | 0.00000 | 0.02692 | 0.02692
1 1 1
O . = -0.01565 | -0.01565 | 0.00000 | 0.01753 | 0.01753
0 0 0 0 0
0 0.01784 | 0.02692 | 0.02285 0
W 1,3 W 23 W 33 A% 0 0.01784 | 0.02692 | 0.02285 0
1 1 1
2 2 - 0 0.00000 | 0.00000 | 0.00000 0
1 1 1
. . . 0 |-0.01565[-0.02191|-0.01753| 0
0 -0.01565 | -0.02191 | -0.01753 0




n+l _
WI,m -

Ax=Ay=025, At=0.03

At 0.05

Lax (2, 0.05)

=——=0.2
AX  0.25
Uu=0,V=0
ZY  (X(I-X)Y(1-Y)
wo =|u| = 0
\% o 0
n 1 n n 1 n n
WI,m +5 pA,m (\/Vl+l,m WI 1 m)+5 pBlm (Wl,m+l _Wl,mfl)
1 n n n
+Z pzA,m[(AJrl,m I+1 .m A Wl,m)_(A+l,m I.m A\I,mwlfl,m)_k
n n
(A1 I+1m A—l,mWI,m)_(ALm I,m _A1—1,m I lm)]+
1 n n n n
+Z szI,m [(Bl,m+1WI m+1 BI,mWI,m)_ (Bl,m+lWI,m - BI,mWI,mfl)_F
(B Im+1 Iml ) (Blm Iml Iml)]

1 n n n
+§ pz[AI,m BI,m + BI,mAI,m)(\/vl+l,m+l WI+1 ,m—1 WI 1,m+

1 +lel,m71 )




=1, m=1, X=IAXx, Y =mAy
0 -1 0 0 -1 0 0 -1 0
A, =[-(1+XY) 0 0= —(1+Im(Ax)2 0 0f= —(l%—(l)(l)(().ZS)2 0 0
0 0 0 0 0 0 0 0 0
0 -1 0
A, =|-1.0625 0 0
0 0O O
I A, | X=LAX| m Ay | Y=mAY | -0+XY)
A, 1 0.25 0.25 1 0.25 025 | -1.0625
Ao, 0 0.25 0 | 0.25 025 | -1.0000
A 0 0.25 0 2 0.25 0.5 | -1.0000
Ao, 0 0.25 0 3 0.25 0.75 | -1.0000
Ao, 0 0.25 0 4 0.25 1 -1.0000
A 1 0.25 0.25 2 0.25 0.5 | -1.1250
A 1 0.25 0.25 3 0.25 075 | -1.1875
A 1 0.25 0.25 4 0.25 | -1.2500
Ay, 2 0.25 0.5 1 0.25 025 | -1.1250
Ay, 2 0.25 0.5 2 0.25 0.5 | -1.2500
A, 2 0.25 0.5 3 0.25 075 | -13750
Ay, 2 0.25 0.5 4 0.25 I -1.5000
A, 3 0.25 0.75 1 0.25 025 | -1.1875
Ay 3 0.25 0.75 2 0.25 0.5 | -1.3750
A, 3 0.25 0.75 3 0.25 075 | -1.5625
Ay 3 0.25 0.75 4 0.25 1 -1.7500
A, 4 0.25 1 1 0.25 025 | -1.2500
Ay 4 0.25 1 2 0.25 0.5 | -1.5000
Ay 4 0.25 1 3 0.25 075 | -1.7500
Ay 4 0.25 1 4 0.25 1 -2.0000




X =1AX, Y =mAy

-1 0 0 -1 0 0 -1
0 |= 0 0 0]= 0 0 0
0| [=(+Im@Ax? 0 0| |-A+MM©0.25 0 0
0 -1
0O O
—-1.0625 0 O
A, | X=LAX| m Ay | Y=mAY | -(1+XY)
0.25 0.25 I 0.25 025 | -1.0625
0.25 0 1 0.25 025 | -1.0000
0.25 0 2 0.25 0.5 | -1.0000
0.25 0 3 0.25 0.75 | -1.0000
0.25 0 4 0.25 1 -1.0000
0.25 0.25 2 0.25 0.5 | -1.1250
0.25 0.25 3 0.25 075 | -1.1875
0.25 0.25 4 0.25 1 -1.2500
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+5(0.2) [ AssBss + Bg,sAg,s]H




0.0352 0 -1 0}||(0 0.0469 0 0 -1y|(0 0.0469
W3?3: 0 [+0.1-15625 0 O0}/|0|-] O +0.1 0 0 O0¢y|0|—-| O
0 0 -15625 0 O
0 10| 0 -10/0 -1 0](0.0352)] 0 -1 000352 -1 01(0.0469
+0.01/-15625 0 0/|-L.75 0 0| 0|-|-15625 0 0 -||-175 0 0 -|-15625 0 0
0 00 0 00
-1 0|0 -1 0/(0.0352 -1 0/(0.0352 -1 0/(0.0469
-15625 0 0} 0-]-1375 0 0 -[|-15625 0 0 0 |-|-1375 0 0
0 0)\0
0 0-1 0 -1j(0 0.0352 0 -1/(0.0352 -1 00469_
+00 0 00 0 0 0)0|-
-15625 0 0|-L75 0 010) |-15625 0 0 1750 0 -15625 0 0 |
0 0 -1fo -11(0.0352 0 -1(0.0352 0 0 -1](0.0469)]
+# 0 0 0Y0]- -l 0 00 O |- 0 00O
-1.5625 0 0\0) |-1.375 0 0 -15625 0 0] 0 -1315 0 0] ]
0 -1 0] © 0 -1 0 -1 07][(0) (0) (0} (0.0625)]
+0.005]|-1.5625 0 O 0 0 0+ O 0 01-1525 0 0f|/|0|-|0|-|0f-| O
0 0 0j|-1525 0 0] [-15625 0 0 0 0 0ffl0) 0) (0 0
We got,
0.0352 0 0 —0.0009 —0.0008 0
Wpg=| 0 [+|0.0073|+f O |+| 0 |+ 0 [+]0
0 0 0.0073 0 0 0
0.0335
W2, =| 0.0073
0.0073
then, Zy, 0.0335
U,, |=| 0.0073
V,, ) 0.0073




[(-Dh (m+1)h.nk] C

[(1-1)h.mh_nk] /

Lax (3, 0.1)

Ah=Ak =025, At=0.05
At 0.05
Ay 025
K

[(-Dh.(m-1)h.nk] A

F

[1h,(m+1)h nk]

///

J[(1+1h,(m+1)h, nk]

VA

_mh_nk) HA,mh,nk]

G Al)h,(m-nh,nk]

[ITh_(m-1)h_ nk]
v
A
1
-= (1,3) (2,3 3.3
< (1,2) (2.2) (3.2)
\s (1.1) 2.1) 3.1)
0 0.25 0.5 0.75 1
=1 =2 =3 1=4

=1AX
X, =1(0.25)=0.25
X, =2(0.25)=0.50
X; =3(0.25)=0.75
X, =4(0.25)=1.00




Lax (3, 0.1)

At =0.05
1 1 1 1 1 1 1 1 1
W 1,1 W 1,2 W 1,3 W 2,1 W 2,2 W 2,3 W 3.1 W 3.2 W 3,3
7z | 003324 0.04360 | 0.03315 | 0.04371 |0.05686 0.04335 | 0.03387 | 0.04301 | 0.03259
0.03324 | 0.04360 | 0.03315 | 0.04371 |0.05686| 0.04335 | 0.03387 | 0.04301 | 0.03259
U |-0.00966|-0.01313 | -0.01029 | -0.00006 |0.00009| 0.00010 | 0.01024 | 0.01466 | 0.01186
u [-0.03024]-0.04110(-0.03221 | -0.00019 | 0.00028| 0.00031 | 0.03206 | 0.04589 | 0.03713
vV |-0.00965| 0.00002 | 0.01029 |-0.01313|0.00006| 0.01466 | -0.01019| 0.00018 | 0.01181
v [-0.03021] 0.00006 | 0.03221 |-0.041100.00019| 0.04589 | -0.03190 | 0.00056 | 0.03697
_ u
_¢&| [¢=12n U=—||u=Uygh| [u=U(9.8)1)
h Jgh
V=Y [v=Vygh| \v=V(9.8)(1)
4/gh
1 1 1
W, (W, (W, 0.03315 [0.04335 0.03259
1 1 1
W, L W, 0.04360 [0.05686 0.04301
1 1 1
VAT A o 0.03324 [0.04371 |0.03387
0 0 0 0 0
Wiz [Was “[Wis U |-0.03221(-0.03221] 0.00031 | 0.03713 |0.03713
1 1 1
W, (W, (W, -0.04110{-0.04110 | 0.00028 | 0.04589 | 0.04589
1 1 1
W, (w,, vy, -0.03024 | -0.03024 [ -0.00019 | 0.03206 | 0.03206
0 0 0 0 0
0 |0.03221]0.04589 | 0.03697 | 0
Wiz [Wa  [Wis \Y% 0 |0.03221]0.04589 | 0.03697 | 0
1 1 1
W, (W, [w., 0 | 0.00006 | 0.00019 | 0.00056 | 0
1 1 1
W, (w,, wy, 0 [-0.03021]-0.04110-0.03190| o0
0 [-0.03021]-0.04110-0.03190| o0




=1, m=1, X=IAX, Y =mAy
0 -1 0 0 -1 0] 0 -1 0
A= -(1+XY) 0 0}= ~(1+Im(Ax)> 0 0|=|-(1+(1)1)0.25* 0 0
0 0 0 0 0 0 0

0 -1 0

A,=|-1.0625 0 0

0 0O O
1 A, | Xx=LAX| m Ay | y=mAY | -(1+XY)
A1,1 1 0.25 0.25 1 0.25 0.25 -1.0625
Ao,l 0 0.25 0 1 0.25 0.25 -1.0000
AO,2 0 0.25 0 2 0.25 0.5 -1.0000
Ags 0 0.25 0 3 0.25 0.75 | -1.0000
AO’4 0 0.25 0 4 0.25 1 -1.0000
A, 1 0.25 0.25 2 0.25 0.5 -1.1250
A1,3 1 0.25 0.25 3 0.25 0.75 -1.1875
A, 1 0.25 0.25 4 0.25 1 -1.2500
Az’1 2 0.25 0.5 1 0.25 0.25 -1.1250
Ay, 2 0.25 0.5 2 0.25 0.5 -1.2500
Az’3 %) 0.25 0.5 3 0.25 0.75 -1.3750
Ay, 2 0.25 0.5 4 0.25 1 -1.5000
A3,1 3 0.25 0.75 1 0.25 0.25 -1.1875
A3,2 3 0.25 0.75 2 0.25 0.5 -1.3750
A3’3 3 0.25 0.75 3 0.25 0.75 -1.5625
A,y 3 0.25 0.75 4 0.25 1 -1.7500
A4’1 4 0.25 1 1 0.25 0.25 -1.2500
Ay, 4 0.25 1 2 0.25 0.5 -1.5000
A4’3 4 0.25 1 3 0.25 0.75 -1.7500
Ay 4 0.25 1 4 0.25 1 -2.0000




=1, m=1, X =IAx, Y =mAy
0

0 -1 0 0 -1 0 0 -1
B,=| 0 0 0|5 0 0 0|= 0 0 0
“A+XY) 0 0| [=a+ImAx)? 0 0| |-0+M1)025) 0 0
[0 0 -1
B,=| 0 0 0
|-1.0625 0 0
1 A, | X=LAX| m Ay | y=mAY | -(1+XY)
B, I 0.25 0.25 I 0.25 025 | -1.0625
By, 0 0.25 0 I 0.25 025 | -1.0000
By, 0 0.25 0 2 0.25 0.5 | -1.0000
B, 0 0.25 0 3 0.25 0.75 | -1.0000
B,, 0 0.25 0 4 0.25 1 -1.0000
B, | 0.25 0.25 2 0.25 0.5 | -1.1250
B, , I 0.25 0.25 3 0.25 075 | -1.1875
B, 1 0.25 0.25 4 0.25 1 -1.2500
B, 2 0.25 0.5 I 0.25 025 | -1.1250
B,, 2 0.25 0.5 2 0.25 0.5 | -1.2500
B, , 2 0.25 0.5 3 0.25 0.75 | -1.3750
B,, 2 0.25 0.5 4 0.25 1 -1.5000
B, 3 0.25 0.75 I 0.25 025 | -1.1875
B, , 3 0.25 0.75 2 0.25 0.5 | -1.3750
B, , 3 0.25 0.75 3 0.25 075 | -1.5625
B,, 3 0.25 0.75 4 0.25 1 -1.7500
B,, 4 0.25 1 1 0.25 025 | -1.2500
B,, 4 0.25 1 2 0.25 0.5 | -1.5000
B, 7 0.25 1 3 025 075 | -1.7500
B, , 4 0.25 I 4 0.25 1 -2.0000




U, =[1 - p?(A? + B?)U, +% PA(l + pAU,,, —% PA(l — pAU,

p

+% pB(l + pB)U —% pB(l — pB)U, +% p?(AB+BA)U, -U, -U. +U,)]

=1, m=1n=1 Ax=0.25 Ay =0.25

0
A[(I —1)h, (m—1)h, nk] =[(1—1)0.25, (1-1)0.25,1(0.25)] = (0,0,0.25) =W, , = [o
0
0
B[(I —1)h, mh, nk] = [(1—1)0.25, (1)0.25, 1(0.25)] = (0,0.25,0.25) =W, =| O
0
0
C[(I —1)h, (M +1)h, nk] = [(1—1)0.25, (1+1)0.25,1(0.25)] = (0,0.5,0.25) =W, , =| 0
0
0
D[Ih, (m —1)h, nk] = [(1)0.25, (1—1)0.25, 1(0.25)] = (0.25,0,0.25) =W, , =| O
0
0.0342
E[lh, mh, nk] = [(1)0.25, (1)0.25, 1(0.25)] = (0.25,0.25,0.25) =W, =| —0.0050
—0.0050
0.0458
F[lh, (m+1)h, nk] =[(1)0.25, (1+1)0.25,1(0.25)] = (0.25,0.5,0.25) =W, , =| —0.0070
0.0000
0
G[(I +1)h, (m—1)h,nk] = [(1+1)0.25, (1—1)0.25,1(0.25)] = (0.5,0,0.25) =W, , =| 0
0
0.0459
H[(I +1)h, mh, nk] = [(1+1)0.25, (1)0.25,1(0.25)] = (0.5,0,25,0.25) =W,, =| 0
~0.0070
0.0613
J[(1+1)h, (m+1)h, nk] = [(1+1)0.25, (1+1)0.25,1(0.25)] = (0.5,0.5,0.25) =W,, =| 0
0

1 1
U, = [l - pz(Az + BZ)Ul,l + E PA(I + pA)Uz,l _E PA(l — pA)Uo,l

1 1 1
+ E pB(l + pB)Ul,z _E pB(I - pB)Ul,o + g pZ(AB + BA)(Uz,z -U,,-Uy, "'Uo,o)]




Step 3 t=0.1

10 0
0 1 0
0 0 1

-1.0625

A B AB
0 0 -1 0 1.0625 0 0 0 -1 0 0 0 -1
0 -1.0625 0 0 0 1.0625 0 -1.0625 0 0 0 0
0 0 0 0 0 0 0 -1.0625 0
B A BA
B 0 0 -1 0 -1
-1 1.0625 0 0 0 0 0 -1.0625 0
0 0 0 0 -1.0625 0 0 0 0
0 0 1.0625
+ [1-P*(A% +B%)]
0 0.03129
0 1.0625 0 -0.00479
0 0 1.0625 -0.00479

1
2 PA(l + pA)U,,

-1 0 1 0
0 0 0 1
0 0 0 0 1 0 0
1
A(l - pA
2P (I - pA)!
1
-1 0 1 0
0 0 0 1
0 0 0 0
1
2 pB(l + pB)U,
1 pB
0 -1 1 0 0 0
0 0 0 1
o o
1
B pB(I - pB)U,,
1 pB
0 -1 1 0 0 0
0 0 0 1 0

U, -U, -U. +U, % p?(AB+BA)U, -Ug -U. +U,)

BA
0 0 0 0 0 0
0 1.0625 0 0 0 0 0
0 0 0 1.0625 0 0 0
0.03324
U, = -0.00966
-0.00965




U, =[1 - p?(A? + B?)U, +% PA(l + pAU,,, —% PA(l — pAU,

p

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

=1, m=2n=1 Ax=0.25 Ay =0.25

o

A[(1 —1)h, (m—1)h, nk] = [(1—1)0.25, (2—1)0.25,1(0.25)] = (0,0.25,0.25) =W, = [o

o

o O O

B[(I —1)h, mh, nk] = [(L—1)0.25, (2)0.25,1(0.25)] = (0,0.5,0.25) =W, , _[

C[(I —1)h, (m+1)h, nk] = [(1—1)0.25, (2+1)0.25,1(0.25)] = (0,0.75,0.25) =W, , = [

o O O

0.0342
D[Ih, (m—1)h, nk] = [(1)0.25, (2—1)0.25,1(0.25)] = (0.25,0.25,0.25) =W, = {—0.0050
~0.0050

0.0458
E[Ih, mh, nk] =[(1)0.25, (2)0.25, 1(0.25)] = (0.25,0.5,0.25) =W, , =| —0.0070
0.0000

0.0341
FlIh, (m+1)h, nk] = [(1)0.25, (2+1)0.25, 1(0.25)] = (0.25,0.75,0.25) =W, , = | ~0.00566
0.00566

0.0459
G[(1+1)h, (m—1)h, nk] =[(1+1)0.25, (2—1)0.25,1(0.25)] = (0.5,0.25,0.25) =W, , = { 0.0000
~0.0070

0.0613
H[(1 +1)h, mh, nk] = [(1+1)0.25, (2)0.25,1(0.25)] = (0.5,0.5,0.25) =W, , = {o.oooo
0.0000

0.0458
[ +D)h, (M+1)h, nk] =[(1+1)0.25, (2+1)0.25,1(0.25)] = (0.5,0.75,0.25) =W, , (o.oooo
0.0086

1 1
U,, =[1 - pz(A2 + BZ)Ul,z +E PA(I + pA)Uz,z _E PA(I — pA)Uo,z

1 1 1
+ E pB(I + pB)Ul,s _E pB(I - pB)Ul,l + § pz(AB + BA)(Uz,s —U,;-Ug; +Uo,1)]




Step 3 t=0.1

10 0
0 1 0
0 0 1

-1.0625

0

A B AB
0 -1 0 1.0625 0 0 0 -1 0 0 0 -
-1.0625 0 0 0 1.0625 0 -1.0625 0 0 0 0 o
0 0 0 0 0 0 -1.0625 0 0

B A BA
B 0 0 -1 0 a0
10625 0 0 0 0 0 -1.0625 0 o0
0 0 0 -1.0625 0 0 0 0 0

0 0 1.0625

B [1 - P?(A? + BY)]
0 0 0 0 0.04191
1.0625 0 0 0 -0.00670
0 1.0625 0 0 0.00000
I PA I+pA

o
=)
o
=

- PA( - pA

% p?(AB+BA)(U, -Ug —U, +U,)

BA
0 0 0 0
1.0625 0 0 0
0 0 1.0625 0
0.04360
U, = -0.01313

0.00002




U, =[1 - p?(A? + B?)U, +% PA(l + pAU,,, —% PA(l — pAU,

p

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

=1, m=3n=1Ax=0.25Ay=0.25

A[(I —1)h, (m—1)h, nk] = [(1—-1)0.25, (3—1)0.25,1(0.25)] = (0,0.5,0.25) =W, , = [

o O O

|

O O O

B[(I —1)h, mh, nk] = [(1—1)0.25, (3)0.25, 1(0.25)] = (0,0.75,0.25) =W, {

J

CL(I —1)h, (m+1)h, nk] =[(1—1)0.25, (3+1)0.25,1(0.25)] = (0,0.75,0.25) =W, , = [

O O O

0.0458
D[Ih, (m—1)h, nk] = [(1)0.25, (3—1)0.25,1(0.25)] = (0.25,0.5,0.25) =W, , = [—0.0070
0.0000

0.0341
E[Ih, mh, nk] =[(1)0.25, (3)0.25, 1(0.25)] = (0.25,0.75,0.25) =W, , = | —0.00566
0.00566

0
F[Ih, (m +1)h, nk]=[(1)0.25, (3+1)0.25, 1(0.25)] = (0.25,1.0,0.25) =W, , = {o
0

0.0613
G[(I +1)h, (m—1)h, nk] = [(1+1)0.25, (3—1)0.25,1(0.25)] = (0.5,0.5,0.25) =W, , = [0.0000}
0.0000

0.0458
H[(I +1)h, mh,nk] = [(1+1)0.25, (3)0.25,1(0.25)] = (0.5,0.75,0.25) =W, , = [o.oooo
0.0086

0
J[(1 +1)h, (m+1)h, nk] = [(1+1)0.25, (3+1)0.25,1(0.25)] = (0.5,1.0,0.25) =W, , = [o
0

1 1
U, = [l - pz(A2 + BZ)U1,3 + E PA(l + pA)Uz,s _E PA(l — pA)Uo,s

1 1 1
+ E pB(I + pB)U1,4 _E pB(I - pB)Ul,z + g pZ(AB + BA)(U2,4 -U,,-Ug, +Uo,2)]




Step 3 t=0.1 A A A B AB

0 -1 0 0 -1 0 10625 0 0 0 -1 0 0 0 -1
-1.0625 0 0 -1.0625 0 0 0 10625 0 -1.0625 0 0 0 0
0 0 0 0 0 0 0 0 0 -1.0625 0
B A BA
B B’ 0 0 -1 0 -1
0 0 -1 1.0625 0 0 0 0 0 -1.0625 0
0 0 0 0 0 0 -1.0625 0 0 0 0
10625 0 0 s
A + [1-P*(A% +B%)]
10 o0 0 003120
o1 0 - 0 10625 -0.00542
0 0 1 0 0 0.00542

1
2 pB(l + pB)U,

1
2 pB(I - pB)U,

U, -U, -Uc +U, % p?(AB+BA)(U, -Ug —U, +U,)

BA
0 0 0 0 0 0
0 1.0625 0 0 0 0 0
0 0 0 1.0625 0 0 0
0.03315
Uy, = -0.01029

0.01029




U, =[1 - p?(A? + B?)U, +% PA(l + pAU,,, —% PA(l — pAU,

p

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

I=2,m=1n=1 Ax=0.25 Ay =0.25

0
A[(1 —1)h, (m—1)h, nk] = [(2—1)0.25, (1—1)0.25, 1(0.25)] = (0.25,0,0.25) =W, , = [
0

0.0342
B[(I —1)h, mh, nk] =[(2-1)0.25, (1)0.25,1(0.25)] = (0.25,0.25,0.25) =W, , = {o.ooso
~0.0050

0.0458
C[(I-1)h, (m+1)h, nk] =[(2—1)0.25, (1+1)0.25,1(0.25)] = (0.25,0.5,0.25) =W, , = (—0.0070
0.0000

0
D[Ih, (m—1)h, nk] = [(2)0.25, (1—1)0.25,1(0.25)] = (0.5,0,0.25) =W, , = [o
0

0.0459
E[Ih, mh, nk] =[(2)0.25, (1)0.25, 1(0.25)] = (0.5,0.25,0.25) =W, [ 0.0000
~0.0070

0.0613
F[Ih, (m+1)h, nk]=[(2)0.25, (1+1)0.25,1(0.25)] = (0.5,0.5,0.25) =W, , = [o.oooo
0.0000

0
G[(I +1)h, (m—1)h,nk] = [(2+1)0.25, (1-1)0.25,1(0.25)] = (0.75,0,0.25) =W, , = (o
0

0.03490
H[(l +1)h, mh, nk] = [(2+1)0.25, (1)0.25,1(0.25)] = (0.75,0.25,0.25) =W, = [ 0.0056
~0.0056

0.0454
0.0086
0.0000

[ +1)h, (M+1)h, nk] =[(2+1)0.25, (1+1)0.25,1(0.25)] = (0.75,0.5,0.25) =W, , =

1 1
U,, =[I- pZ(AZ + BZ)Uz,l + E PA(l + pAU,, — E PA(l — pAU,,

1 1 1
+ E pB(I + pB)U,, _E PB(l - pB)U,, + g pz(AB +BA)U;, Uz, -U,, +U ) ]




Step 3 t=0.1 A A A B

AB
0 - 0 0 - 0 1.0625 0 0 0 - 0 0 0 -1
-1.0625 0 0 -1.0625 0 0 0 1.0625 0 -1.0625 0 0 0 0
0 0 0 0 0 0 0 0 0 -1.0625 0
B A BA
B B 0 0 - 0 -
0 0 - 10625 0 0 0 0 0 -1.0625 0
0 0 0 0 0 0 -1.0625 0 0 0 0
-1.0625 0 0 0 0 1.0625
A + B [1-P*(A% +B%)]

10 0 0 0 0 0 0.04200
0 1 0 - 0 1.0625 0 0 0 0.00000
0 0 1 0 0 1.0625 0 0 -0.00670

1
[0, U, 0,70} |§ p2(AB+BA)U, ~Ug U +U,)

0 1.0625 0 0 0 0 0

0 0 0  1.0625 0 0 0

0.04371
Uy, = -0.00006
-0.01313




U, =[1 - p?(A* + B?)U, +%pA(I + pAU,, —% PA(l — pAU,

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

|=2,m=2,n=1 Ax=025 Ay=025

0.0342
AL(I -Dh, (m —1)h, nk] =[(2-1)0.25, (2—1)0.25,1(0.25)] = (0.25,0.25,0.25) =W, , = [o.ooso}
~0.0050

0.0458
B[(I —1)h, mh, nk] =[(2—1)0.25, (2)0.25,1(0.25)] = (0.25,0.5,0.25) =W, , = | —0.0070
0.0000

0.0341
CL(I -Dh, (m+1)h, nk] =[(2-1)0.25, (2 +1)0.25,1(0.25)] = (0.25,0.75,0.25) =W, , = | —0.00566
0.00566

0.0459
D[Ih, (m—1)h, nk] =[(2)0.25, (2—1)0.25, 1(0.25)] = (0.5,0.25,0.25) =W, , =| 0.0000
~0.0070

0.0613
E[lh, mh, nk] =[(2)0.25, (2)0.25, 1(0.25)] = (0.5,0.5,0.25) =W, , =| 0.0000
0.0000

0.0458
F[Ih, (m+1)h, nk] =[(2)0.25, (2+1)0.25,1(0.25)] = (0.5,0.75,0.25) =W, , =| 0.0000
0.0086

0.0349
G[(I +D)h, (m—1)h,nk] =[(2+1)0.25, (2—1)0.25,1(0.25)] = (0.75,0.25,0.25) =W, =| 0.0056 J
~0.0056

0.0454
H[(I +1)h, mh, nk] = [(2+1)0.25, (2)0.25,1(0.25)] = (0.75,0.5,0.25) =W, , = o.oose}
0.0000

0.0335
0.0073
0.0073

J[(1+1)h, (M+1)h, nk] =[(2+1)0.25, (2+1)0.25,1(0.25)] = (0.75,0.75,0.25) =W, , =

1 1
U,, =[I - pz(A2 + Bz)Uz,z +E PA(l + pA)Us,z _E PA(I - pA)U1,2

1 1 1
+ E pB(I + pB)Uz,s _E pB(l - pB)Uz,l + g pZ(AB + BA)(Us,s -U,,-Uy; +U1,1)]




Step 3 t=0.1 A A A B AB

0 -1 0 0 -1 0 10625 0 0 0 -1 0 0 0 -1

-1.0625 0 0 -1.0625 0 0 0 10625 0 -1.0625 0 0 0 0 0

0 0 0 0 0 0 0 0 0 -1.0625 0 0

B A BA

B B’ 0 0 -1 0 -1 0

0 0 -1 1.0625 0 0 0 0 0 -1.0625 0 0

0 0 0 0 0 0 -1.0625 0 0 0 0 0

-1.0625 0 0
A + [1-P*(A% +B%)]

10 o0 0 0.05609
o1 0 - 0 10625 0.00000
0 0 1 0 0 0.00000

1
2 pA(l + pAU,,

2 PA(l - pA)U,

2 pB(l + pB)U,

1
2 pB(I - pB)U,

1
U,-U,-U.+U, |§ p?(AB+BA)U, ~Ug ~U. +U,)

BA
0 0 0 0 0 0
0 1.0625 0 0 0 0 0
0 0 0 10625 0 0 0
0.05686
U 2= 0.00009

0.00006




U, =[1 - p?(A? + B?)U, +% PA(l + pAU,,, —% PA(l — pAU,

p

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

|=2,m=3n=1 Ax=0.25 Ay = 0.25

0.0458
Al(I —1)h, (m—1)h, nk] =[(2-1)0.25, (3-1)0.25,1(0.25)] = (0.25,0.5,0.25) =W, , = [0.0070
0.0000

0.0341
B[(I —1)h, mh, nk] =[(2—1)0.25, (3)0.25, 1(0.25)] = (0.25,0.75,0.25) =W, , = {0.00566
0.00566

C[(I —1)h, (m+1)h, nk] = [(2—1)0.25, (3+1)0.25,1(0.25)] = (0.25,1.0,0.25) =W, , = [

o O O

0.0613
D[Ih, (m—1)h, nk] = [(2)0.25, (3—1)0.25,1(0.25)] = (0.5,0.5,0.25) =W, , = [o.oooo
0.0000

0.0458
E[lh, mh, nk] = [(2)0.25, (3)0.25,1(0.25)] = (0.5,0.75,0.25) =W, , = [o.oooo
0.0086

F[Ih, (m+1)h, nk] = [(2)0.25, (3+1)0.25, 1(0.25)] = (0.5,1.0,0.25) =W, , = {

O O O

0.0454
G[(I +1)h, (M —1)h,nk] =[(2+1)0.25, (3-1)0.25, 1(0.25)] = (0.75,0.5,0.25) =W, , [0.0086
0.0000

0.0335
H[(I +1)h, mh, nk] = [(2+1)0.25, (3)0.25, 1(0.25)] = (0.75,0.75,0.25) =W, , = [0.0073
0.0073

J[(1+2)h, (M +1)h,nk] = [(2+1)0.25, (3+1)0.25,1(0.25)] = (0.75,1.0,0.25) =W, , = [

o O O

1 1
U2,3 = [I - pz(Az + BZ)U2,3 +§ pA(I + pA)Us,s _E pA(I - pA)Ul,S

1 1 1
+ E pB(I + pB)U2’4 _E pB(I - pB)Uz,z + g pZ(AB + BA)(U3,4 -U,,-U,, +U1,2)]




Step 3 t=0.1 A A A B AB

0 -1 0 0 -1 0 10625 0 0 0 B 0 0 0o
-1.0625 0 0 -1.0625 0 0 0 10625 0 -1.0625 0 0 0 0
0 0 0 0 0 0 0 0 0 -1.0625 0
B A BA
B B 0 0 - 0 -
0 0 -1 1.0625 0 0 0 0 0 -10625 0
0 0 0 0 0 0 -1.0625 0 0 0 0
-1.0625 0 0 0 0 10625
Ao+ F [1-P*(A+B7)]
10 o 0 0 0 0 0.04191
o1 0 - 0 10625 0 0 0 0.00000
0 0 1 0 0 10625 0 0 0.00823
-1 0
0 0
0 0 0 0 1 0 0
1
-1 0 1 0
0 0 0 1
0 0 0 0
1
1 pB
0 4 i 0 0 0
0 0 0 1
0 o- 0 0
1
1 pB
0 4 1 0 0 0
0 0 0 1 0
0 0 0 0 1-
1,
A ,ml |§p (AB+BA)(U, -Us -U. +U,)
0 0 0 0 0 0
0 10625 0 0 0 0 0
0 0 0 10625 0 0 0
0.04335
U= 0.00010
23 0.01466




U, =[1 - p?(A? + B?)U, +% PA(l + pAU,,, —% PA(l — pAU,

p

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

=3, m=1n=1Ax=0.25Ay=0.25

A[(I —1)h, (m—1)h, nk] = [(3—1)0.25, (1—1)0.25,1(0.25)] = (0.5,0,0.25) =W, , = [

o O O

|

0.0459
B[(I —1)h, mh, nk] =[(3—1)0.25, (1)0.25,1(0.25)] = (0.5,0.25,0.25) =W,, =| 0.0000
~0.0070

0.0613
C[(1 —1)h, (m+1)h, nk] = [(3—1)0.25, (1+1)0.25,1(0.25)] = (0.5,0.5,0.25) =W, , = {o.oooo
0.0000

0
D[Ih, (m—1)h, nk] = [(3)0.25, (1—1)0.25,1(0.25)] = (0.75,0,0.25) =W, , = {o
0

0.0349
E[lh, mh, nk] = [(3)0.25, (1)0.25, 1(0.25)] = (0.75,0.25,0.25) =W, _[ 0.0056
—0.0056

0.0454
F[Ih, (m+1)h, nk] =[(3)0.25, (1+1)0.25,1(0.25)] = (0.75,0.5,0.25) =W, , = [0.0086
0.0000

0
G[(I +1)h, (m—1)h, nk] = [(3+1)0.25, (1-1)0.25,1(0.25)] = (1.0,0,0.25) =W, , =| O
0

0
H[(I +1)h, mh, nk] = [(3+1)0.25, (1)0.25, 1(0.25)] = (1.0,0.25,0.25) =W, , =| O

o

J[(I+D)h, (m+1)h,nk] = [(3+1)0.25, (1+1)0.25,1(0.25)] = (1.0,0.5,0.25) =W, , = (

O O O

1 1
Us, =[1 - pz(Az + BZ)U3,1 + E PA(I + pA)U4’1 _E PA(I — pA)Uz,l

1 1 1
+§ pB(I + pB)Us,z _E pB(I - pB)Us,o +§ pZ(AB+ BA)(U4,2 -U,,-Uy, +U2,o)]




Step 3 t=0.1 A A A B AB

0 - 0 0 - 0 1.0625 0 0 0 - 0 0 0 -1
-1.0625 0 0 -1.0625 0 0 0 1.0625 0 -1.0625 0 0 0 0
0 0 0 0 0 0 0 0 0 -1.0625 0

B A BA
B B 0 0 - 0 -
0 0 - 10625 0 0 0 0 0 -1.0625 0
0 0 0 0 0 0 -1.0625 0 0 0 0
-1.0625 0 0 0 0 1.0625
A + B [1-P*(A% +B%)]

10 o 0 0 0 0 0.03193
o1 0 - 0 1.0625 0 0 0 0.00536
0 0 1 0 0 1.0625 0 0 -0.00536

1
> PA(l + AU,

1
U, —Ug -U. +U, |§ p?(AB+BA)U, ~Ug ~Uc +U,)

0 1.0625 0 0 0 0 0

0 0 0 1.0625 0 0 0

0.03387
Uy, = 0.01024
-0.01019




U, =[1 - p?(A* + B?)U, +%pA(I + pAU,, —% PA(l — pAU,

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

=3 m=2n=1 Ax=0.25, Ay = 0.25

0.0459
Al(I —1)h, (m—1)h,nk] =[(3—1)0.25, (2—-1)0.25,1(0.25)] = (0.5,0.25,0.25) =W, , [ 0.0000
~0.0070

0.0613
B[(I —1)h, mh, nk] = [(3—1)0.25, (2)0.25,1(0.25)] = (0.5,0.5,0.25) =W, , = {o.oooo
0.0000

0.0458
C[(1—1)h, (m+1)h,nk] =[(3—1)0.25, (2+1)0.25,1(0.25)] = (0.5,0.75,0.25) =W, , = [o.oooo
0.0086

0.0349
D[Ih, (m—1)h, nk] = [(3)0.25, (2—1)0.25,1(0.25)] = (0.75,0.25,0.25) =W, =| 0.0056
~0.0056

0.0454
E[lh, mh, nk] = [(3)0.25, (2)0.25,1(0.25)] = (0.75,0.5,0.25) =W, , = | 0.0086
0.0000

0.0335
F[Ih, (m+1)h, nk] =[(3)0.25, (2+1)0.25,1(0.25)] = (0.75,0.75,0.25) =W, , = {0.0073
0.0073

o

o

G[(I +1)h, (m—1)h, nk] = [(3+1)0.25, (2—1)0.25,1(0.25)] = (1.0,0.25,0.25) =W, , = {o

H[(I +1)h, mh, nk] = [(3+1)0.25, (2)0.25,1(0.25)] = (1.0,0.5,0.25) =W, , [

O O O

J

o

J[(1+1)h, (M +1)h, nk] = [(3+1)0.25, (2+1)0.25,1(0.25)] = (1.0,0.75,0.25) =W, , = {o

o

1 1
U3,2 = [I - pZ(AZ + Bz)Us,z +§ pA(I + pA)U4,2 _E pA(I - pA)Uz,z

1 1 1
"‘E pB(I + pB)Us,s _E pB(l - pB)US,l +§ pz(AB + BA)(U4,3 -U,,-U,; +U2,1)]




Step 3 t=0.1

-1.0625

A B AB
0 0 - 0 1.0625 0 0 0 - 0 0 0 -
0 -1.0625 0 0 0 1.0625 0 -1.0625 0 0 0 0
0 0 0 0 0 0 0 -1.0625 0
B A BA
B’ 0 0o - 0 -1
- 10625 0 0 0 0 0 -1.0625 0
0 0 0 0 -1.0625 0 0 0 0
0 0 0 1.0625
©ow [1-P*(A+B)]
0 0 0 0 0.04154
0 1.0625 0 0 0 0.00823
0 0 1.0625 0 0 0.00000
-
0
0
1
-
0
0
0
0
0
1
0
0
0
1 2
[0, U, U0, [g P (AB+BAU, ~Ue-Uc +U,)
0
0 1.0625 0 0 0 0 0
0 0 0 1.0625 0 0 0
0.04301
U.. - 0.01466
32
0.00018




U, =[1 - p?(A? + B?)U, +% PA(l + pAU,,, —% PA(l — pAU,

p

+% pB(1 + pB)U,. —% pB(1 - pB)U, +% p?(AB+BA)U, U, U, +U,)]

=3, m=3n=1 Ax=0.25, Ay = 0.25

0.0613
Al(I —1)h, (m—1)h, nk] =[(3—1)0.25, (3—1)0.25,1(0.25)] = (0.5,0.5,0.25) =W, , [o.oooo
0.0000

0.0458
B[(I —1)h, mh, nk] = [(3—1)0.25, (3)0.25,1(0.25)] = (0.5,0.75,0.25) =W, , = [o.oooo
0.0086

0
C[(I —1)h, (M +1)h, nk] =[(3—1)0.25, (3+1)0.25,1(0.25)] = (0.5,1.0,0.25) =W, , = {o
0

0.0454
D[Ih, (m—1)h, nk] =[(3)0.25, (3—1)0.25,1(0.25)] = (0.75,0.5,0.25) =W, , = [0.0086
0.0000

0.0335
E[lh, mh, nk] = [(3)0.25, (3)0.25,1(0.25)] = (0.75,0.75,0.25) =W, , = [0.0073J

0.0073
0
F[Ih, (m +1)h, nk] = [(3)0.25, (3+1)0.25,1(0.25)] = (0.75,1.0,0.25) =W, , =| 0
0
0
G[(I +1)h, (m—1)h, nk] = [(3+1)0.25, (3—1)0.25,1(0.25)] = (1.0,0.5,0.25) =W, , =| 0
0

o O O

H[(I +1)h, mh, nk] = [(3+1)0.25, (3)0.25,1(0.25)] = (1.0,0.75,0.25) =W, , = [

o

J[(+1)h, (m+1)h, nk] = [(3+1)0.25, (3+1)0.25,1(0.25)] = (1.0,1.0,0.25) =W, , = {o
0

1 1
U, = [l - pz(A2 + BZ)US,S +E PA(I + pA)U4’3 _E PA(l — pA)Uz,a

1 1 1
+§ pB(I + pB)U3,4 _E pB(I - pB)Us,z "‘§ pZ(AB"' BA)(U4,4 -U,,-U,, "'Uz,z)]




Step 3 t=0.1

10 0
0 1 0
0 0 1

-1.0625

0

0

0
1.0625
0

1.0625

0
0
1.0625

0
0
0

BA

1.0625

A A B AB
1.0625 0 0 0 -1 0 0 0 -
0 10625 0 -1.0625 0 0 0 0 0
0 0 0 -1.0625 0 0
B A BA
B 0 0 -1 0 -1 0
0 0 0 0 0 -1.0625 0 0
0 0 -1.0625 0 0 0 0 0
0 1.0625
PZ(A? +B?) [1 - P?(A% + BY)]
0 0 0.03065
0.00699
0.00699

% A(l + pAU,,

1 0
0 1
0 0 1 0 0
1
— PA(l - pA)U,
2
1
1 0
0 1
0 0
1
5 PB(I+pB)U:
1 pB
1 0 0 0
0 1
0 0
1 pB
1 0 0 0

1
B p*(AB+BA)YU, ~Ug -Uc +U,)

U, -U;-U.+U,

0 0
0
0 0
0.03259
Uy = 0.01186
0.01181




A numerical manipulation of FTCS for dispersion model

Initial Concentration

2

_ = o <= = 4
C (X, VY,.0) = x= (L 2)y c 2)
X =1 AX, v — MmAy
AX=Ay =0.25
Table 1 Initial Concentration t=0
y, X (m) 0 0.25 0.50 0.75 1
0 0 0 0 0 0
0.25 0 0.003666 | 0.013245 | 0.024479 0
0.50 0 0.01324510.047852 | 0.088440 0
0.75 0 0.024479 | 0.088440 | 0.163456 0
1 0 0 0 0 0
Y
A
oc oc
S =¥
cn y
4
-~ - 3 - -
s ¢ CC cC
— = — = U = = 0 =
n o 2 n ox
1
>» X
0 1 2 3 4
cc cc
—=0,—=0
cn oy



Initial Condition at t=0

C(x,y,0) = g(x,y) = x2<1—x7)y2(1—y7)

21X Nvra1 Yo
C(xy,0) = x*A—")y* @ —-)

X =1AX, y = mAy

Ax=Ay =0.25

2 2 2 2 2 2
= 2 x _x = Yy ~Y5llex y.00=x2a-Xyyra-L
! X_IAX 2|9 m y 5 | |4y =xa ey
0
Cool| © 0 | 0.00000|0.00000 | 1.000000 | © 0 | 0.00000| 0.00000| 1.000000 0
0
Coal| © 0 |0.00000|0.00000 | 1.000000 | 1 | 025 | 0.06250| 0.03125] 0.968750 0
0
Coal| o 0 |0.00000|0.00000 | 1.000000 | 2 0.5 | 0.25000( 0.12500| 0.875000 0
0
Coal| o 0 |0.00000|0.00000 | 1.000000 | 3 | 0.75 | 0.56250| 0.28125 0.718750 0
0
Coul| 0 0 | 0.00000|0.00000 | 1.000000 | 4 1 1.00000| 0.50000| 0.500000 0
0
Ciol| 1| 025 [0.06250]0.03125] 0.968750 | 0 0 | 0.00000| 0.00000| 1.000000 0
0
Cial| 1| 025 |006250(003125] 0968750 | 1 | 025 |0.06250] 0.03125 0.968750 0.003665924
0
Cial| 1] 025 [006250]003125( 0.968750 | 2 0.5 | 0.25000( 0.12500| 0.875000 0.013244629
0
Cisl| 1| 025 |006250|0.03125( 0968750 | 3 | 075 | 0.56250| 028125 0718750 0.024478912
0
Cial| 1| 025 [0.06250]0.03125] 0.968750 | 4 1 1.00000| 0.50000| 0.500000 0
0
Cool| 2 | 05 [025000]0.12500| 0.875000 | 0 0 | 0.00000| 0.00000| 1.000000 0
0
Coal| 2 | 05 [025000]0.12500] 0.875000 | 1 | 025 | 0.06250] 0.03125 0.968750 0.013244629
0
Coall 2 | o5 [025000]0.12500| 0.875000 | 2 0.5 | 0.25000( 0.12500| 0.875000 0.047851563
0
Coal| 2| 05 [025000]0.12500| 0.875000 | 3 | 075 | 0.56250| 0.28125| 0.718750 0.088439941
0
Cosl| 2| 05 [025000]0.12500] 0.875000 | 4 1 1.00000| 0.50000| 0.500000 0
0
Csol| 3 | 075 [056250]028125] 0.718750 | 0 0 | 0.00000| 0.00000| 1.000000 0
0
Caal| 3 | 075 |056250|028125] 0718750 | 1 | 025 | 0.06250| 0.03125] 0968750 0.024478912
0
Cazl| 3 | 075 [056250|028125| 0.718750 | 2 0.5 | 0.25000( 0.12500| 0.875000 0.088439941
0
Caal| 3 | 075 [056250]028125] 0718750 | 3 | 075 | 0.56250] 0.28125 0.718750 0.163455963
0
Caal| 3 | 075 |056250|028125] 0.718750 | 4 1 1.00000| 0.50000| 0.500000 0
0
Chol| 4 1| 1.00000 | 0.50000 | 0.500000 | 0 0 | 0.00000| 0.00000| 1.000000 0
0
Caal| 4 1| 1.00000 | 0.50000 | 0.500000 | 1 | 025 | 0.06250| 0.03125| 0.968750 0
0
Cial| 4 1 [ 1.00000 | 0.50000 | 0.500000 | 2 0.5 | 0.25000( 0.12500| 0.875000 0
0
Cisl| 4 1| 1.00000 | 0.50000 | 0.500000 | 3 | 0.75 | 0.56250| 0.28125| 0.718750 0
0
Cual| 4 1| 1.00000 | 0.50000 | 0.500000 | 4 1 1.00000| 0.50000| 0.500000 0




Table 2 : Concentration at t=0.05

Ax=Ay =0.25/ |At =0.05
y, X (m) 0 0.25 0.50 0.75 1
0 0.000881 | 0.000881 | 0.003208 | 0.005918 | 0.005918
0.25 0.000886 | 0.006546 | 0.018874 | 0.025562 | 0.005918
0.50 0.003208 | 0.018874 | 0.050723 | 0.060255 | 0.021464
0.75 0.005919 | 0.025565 | 0.060255 | 0.049394 | 0.039603
1 0.005919 | 0.005919 | 0.021464 | 0.039603 | 0.039603

Concentration at t=0.05 use velocity u and v from

lax-wendroff method at t=0.05




Clt=(0.u, +0.24)C/, , +0.04C],, +(0.24-0.14],, )Cl\; , +(0.24-0.1v],, )/

I,m+1

+(0.24+0.¢,)CP,

In=0,1=0,m=0|

u,v from lax-wendroff at t=0.05 u= U gh ’V = V V gh
ug o ([0, +024)C1,

Clr,]m

1
Cool -

0.24 0 0.000000

: .
(U150 [(02-03 ) |CF, | [HERAO )G

VS o [(0:24-0.v), )l

I,m+1’

0.24 0.000000

V.o (024+0.0, )| CP

o o2 i

|n=0,|=0,m=1|

ug . |[(0wr, +0.24)C

1
CO,l = -0.01565 0.238435

ug, |(024-0],)

v 4 |(024-01)

o

e | (0202 0.0, )l
e~ ool

V& (024010, Gl {02400 )Gl




1+1,m I,m+1

Clt=(0.1u, +0.24)C/, , +0.04C],, +(0.24-0.0u, )y, +(0.24-0.1] )C ., +(024+ 0.0/, )CT,

|n=o,|=o,m=2|

u,v from lax-wendroff at t=0.05 u= U h v =V V h
ug o ([0, +024)C1,

Clr,]m

+

1
Co,z = -0.02191 0.237809 0 0.000000

(0.24-0.107, )| [P

I+1,m

c
03
N

0.242191 0.013245

V3,2 (02401, )| Cfia

0 0.24 0.000000

[

Vo o |(0.24+01,)|C .m_1
o - RN
0.24 '(n

In=0,1=0,m = 3|

n
I,m

ug - |[(0a +oz4y )

Cl
03| = -0.01784 0.238216 00000

U5, [(02-01iy) _

Vo 5 [(0.24-01y )

o ON’@@- i) [ aous

Vo 5 |(0.24+0v, )| CF

I,m-—1




Clyt = (047, +0.24)C, , +0.04C], +(0.24-0.1u/,, )\, , +(0.24-0.09],)C
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Table 3 Concentration at t=0.1

AXx=Ay =0.25/|At =0.05
y, X (m) 0 0.25 0.50 0.75 1
0 0.000887 | 0.000887 | 0.003233 | 0.005953 | 0.005953
0.25 0.000891 | 0.006548 | 0.018966 | 0.025708 | 0.005953
0.50 0.003233 | 0.018965 | 0.050719 | 0.060338 | 0.021631
0.75 0.005954 | 0.025711 | 0.060342 | 0.049645 | 0.039836
1 0.005954 | 0.005954 | 0.021631 | 0.039834 | 0.039834

Concentration at t=0.1 use velocity u and v from

lax-wendroff method at t=0.1




Cli' =(0.1u7, +0.24)CJ, , +0.04C],, +(0.24-0.1u],, )]

+(0.24-0.1v],,)C

I,m+1

+(024+0v7,)C,,

1+1,m

(N=0,1=0,m=0]|

u,v from lax-wendroff at t=0.1 u =U gh,V :V ,gh
ugd o ||(0),+0.24)C,

Clr,]m

1
CO,O

0.24 0 0.000000

(0.24-07, )| [y

I+1,m

’ _
n
Hoe ORI

VS’O (024_0_1\/&“) (o%

I,m+1’

0.24 0.000000

VS o [(0.24+01v,) c;jm_l;

- 0.24 @S{)‘L\ 0

(hn=0,1=0,m=1]

ug,l (Olu:m +0.24 &

1
CO,l

= -0.03024 0.236976

ug, |(024-0],)
- 0.243024

v o |(0.24-0.v,)

o

i [1(0247 00 Gl
o o G e (B[ aow

\VAA (0.24+o.1v|im) Clma _
Dl




Cli' = (0.4, +0.24)C], , +0.04C],, +(0.24-0.14], )/, , +(0.24-0.2, | CFyr.y +(0.24+0.],, )C, 4

|n=o,|=o,m=2|

u,v from lax-wendroff att=0.1 : h v =V V h
ug o [[(0.4u],+0.24)C

Clr,]m

I-1,m

+

1
Co,z = -0.0411 0.23589 0 0.000000

(0.24-0.107, )| [P

I+1,m

n
ul o,2
- 024411 0.013245

Vv 2 [(0.24-0.v), )l

I, m+1

0 0.24 0.000000

[

Vo o |(0.24+01,)|C .m_1
o - RN
0.24 '(n

In=0,1=0,m = 3|

n

ug - |[(0a +oz4y )

Cl
03| = -0.03221 0.236779 00000

U5, [(02-01iy) _

Vo 5 [(0.24-01y )

o ON’@@- G [ ooussd

Vo 5 |(0.24+0v, )| CF

I,m-—1




Clyt =(0.4y], +0.24)C], , +0.04C],, +(0.24-0.u, )/,

+(0.24-0.1v], )C]

I,m+1

+(024+01v, )P,

In=0,1=0,m = 4|

u,v from lax-wendroff att=0.1 u= U gh ’V =V V gh
ug . ([0, +024)C1,

Clr,]m

1
C:0,4 =

0.24 0 0.000000

: .
(U5 [(02-03 | CF, | [HERASO )G

VS 4 |(0.24-0.v), )l

I,m+1’

0 0.24 0.000000

v L (024014, C,'jm_1/<

o o2 i

In=0,1=1,m = 0|

(0.7, +024)C

1
Cl,O =

(0.24-0.10],)

Vi [(0.24-01,)

o

& o] [ somse]
-0.01885 0.241885\&@

Vo [(02¢+034, | il [H{0247 08 )Chh]




Clht = (0.4, +0.24)C], , +0.04C],, +(0.24-0.14], )C;

1+1,m

+(0.24-0.1v],,)C

+(0.24+0.0 )Cl

I,m+1

|n=O,I =1,m=1|

u,v from lax-wendroff att=0.1

gh v=V\/_h

+

uy, (|0, +024)C,
1
Cl,l = -0.03024 0.236976 0
n
u, |(024-0m )l e,
- 0.243024 0.013245
(@] n n
v, |(024-0 )ICP Ly
-0.003021 0.2403021 0.013245
0 (0.24+0. )
Vi, (0244019, )|C Im—1

", '“4
0.2396979 '(lx

|n=0,|=1,m=2|

n

u:l_, 2

1
C1,2 = -0.0411

(o ), +0.24

y,

N
u; -

(0.24-0.10],)

N
;5 >

(0.24- 01v|m)

0.00006

+

e
_

0.24411

Clr,]m

0.003666

n

e

Vi >

(0.24+0.1,)

Cn

I,m-—1

0.240006 0.003665924



Cly' =(0.4y], +0.24)C], , +0.04C],, +(0.24-0., )L,

+(0.24-0.1v],,)C

I,m+1

+(0.24+03,)C7,

|n=0,| =1,m=3|
u,v from lax-wendroff att=0.1 u= U gh ’V ZV@

w5 ||(0u], +0.24) G,

Cl
13| = -0.03221 0.236779 0

(0.24-0.107, )| [P

I+1,m

n
S ORI

vy |(024-01, |G

I,m+1’

0.03221 0.236779 0.000000

vina (0240, )P

Dhoml oom oo

IN=0,1=1,m = 4|

(0.1u],,+0.24

1
chl -

(0.24-0.10],)

Vi |(0.24-01,)

o

X G of[ oo
0.03221 0.236779\&ﬁ

(g} n n
VA (024000 Gl {02400 )Gl




Clyt =(0.4u], +0.24)Cf,, +0.04C/,, +(0.24-0.1u,, )

I+1,m

+(0.24-01], )C\,., +(0.24+0.1v], )CT,

I,m+1

In=0,1=2,m=0|

u,v from lax-wendroff att=0.1 u= U gh ’V =V V gh
(0w, +024)C,

Clr,]m

+

1
Cool -

0.24 0 0.000000

(0.24-0.107, )| [P

I+1,m

u 2,0
0
n
ul 2,0
- 024 0.000000

v o [(0.24-0.v), )l

I, m+1

-0.0411 0.24411 0.013245

Voo [(0.24+01v,) C,"m_1/

0.23589 2T

|n=o,|=2,m=1|

n

u?, |[(owr, +oz4y )

Cl
21| = -0.00019 0.239981 13245

- 0.240019‘

Vo (024~ 01v|m)

o e N

Vo (024401, )| C

I,m-—1




Clit = (0.4, +0.24)C], , +0.04C],, +(0.24-0.14], )/, , +(0.24-0.2, | CF\,.. +(0.24+0.],,)C, 4
In=0,1=2,m=2|
u,v from lax-wendroff at t=0.1
ul (0w, +024)C1, C'n
C;,z = 0.00028 0.240028 0.013244629 0.047852

(0.24-0.107, )| [P

I+1,m

n
B ORI

v (0240w, )l

I,m+1’

0.00019 0.239981 0.088440

Vo (024400, )| CF

- 0.240019 0.

|n=0,|=2,m=3|

ul 5 ||(owy, +0.2ejSp,

1
C2,3

y I
v oo RO 5.

us,o [04-0uiy) loze oniy)oi]

Vo S [(024-0.0v,)

X G [ sound]
0.04589 0.235411 \&ﬂ 0‘

n n n
V2.0 (02401, )| Gl {02404 JCIn




G =0, 104)C1,, 004G, (02801 )G

+(0.24-0.1v], )C]

I,m+1

+(024+0.%7, )CF,

1-1,m 1+1,m

|n=o,|=2,m=4|

u,v from lax-wendroff att=0.1 u= U gh ’V = V V gh

n
u, ,

1
C2,4

(0w, +024)C,

Clr,]m

0.24 0 0.000000

0
a]
l"2,4

(0.24-0.107, )| [P

I+1,m

n
V3 4

(0.24-0.v,)|C

I,m+1’

0.04589

0.235411 0.000000

v2,4

(0.24+01v, )|C"

0.244589 0.088

In=0,1=3,m=0|

1
C3,0

(0.7, +024)C

(0.24-0.10],)

(0.24-01,)

o

e [H(024-0.00, )Cli |
e~~~ ]

(0.24+0.09, )|C" s _




Clyt =(0.4u], +0.24)Cf, , +0.04C],, +(0.24-0.1u,, )

+(0.24-0.1v],, |CT,... +(0.24+0.v], )C, 4

1+1,m I,m+1

|n=o,|=3,m=1|

u,v from lax-wendroff att=0.1 u= U gh ’V =V V gh
ul, (|0, +0.24)C,

+ I,m

1
C3,1

= 0.03206 0.243206 0.013244629 0.024479

(0.24-0.107, )| [P

I+1,m

N
ul5 =t
- 0.236794 0.000000

v, |(0.24-0.av, )l

I, m+1

-0.0319 0.24319 0.088440

v, |(024+01v,) C,“m_1/

0.23681 N2

|n=0,|=3,m=2|

n

ul . |[(owr, +oz4y )

1
CS,Z

[l s 4@_ e I

G oo () e

vE L |(0.24- 01v|m)

S — — [p—

Ve (024400, )| CF

I,m-—1

- 0.240056 0.024478912




Clyt =(0.4u], +0.24)C], , +0.04C],, +(024-0.1u,, )Cl, , +(0.24-0.0¢ )C/l, ., +(0.24+0.1], )/,
In=0,1 =3, m = 3]
u,v from lax-wendroff att=0.1 u= U gh ’V =V \/ﬁ
ul S0, +024)C, C'n
C;"3 = 0.03713 0.243713 0.088439941 0.163456

(0.24-0.107, )| [P

I+1,m

n
B ORI

vE S l(0.24-0.v, )l

I,m+1’

0.03697 0.236303 0.000000

v S|(024+01, )| C

(0.24-0.10],)

v L [(024-0.0v )

o

X G [ oo
0.03697 0.236303\&ﬁ

n n n
P R P e




Clyt =(0.4u], +0.24)C], , +0.04C],, +(0.24-0.1u], )Cl, , +(024-0.1], )\, , +(0.24+0.2, |CT,

I,m+1

u,v from lax-wendroff att=0.1

(0.1, +0.24)C/

I-1,m

Clr,]m

1
Ciol -

0.24 0 0.000000

o E—
[ (T

Vi o [(0.24-0.v), )l

I,m+1’

0 0.24 0.000000

Vi o |(0.24+01v, )| CF

|n=o,|=4,m=1|

n

ul, (|04, +o. 24

Cl
41| = 0.03206 0.243206 00000

- 0.236794M

Vi [(0.24-01y] )

o ON’@@- g [ soussf

Vi [(024+030,) Gl o [1(024:00)CF




Clyt =(0.4u], +0.24)Cf, , +0.04C],, +(0.24-0.1u,, )

1+1,m

+(0.24-0.1v],, |CT,... +(0.24+0.v], )C, 4

I,m+1

|n=o,|=4,m=2|

u,v from lax-wendroff att=0.1 u= U gh ’V =V V gh
uzf o (0w, +024)C,

Clr,]m

+

1
C4,2 = 0.04589 0.244589 0.088439941 0.000000

(0.24-0.107, )| [P

I+1,m

0.235411 0.000000

c
A3
N

vy o |(0.24-0.v), )l

I, m+1

0 0.24 0.000000

Vi o |(0.24+01v,) C,“m_1/

v)n«
0.24 NG a'(n

In=0,1 =4, m = 3|

n
+ I.m

ul 5 ||(0, +0.24 y

Cl
43| = 0.03713 0.243713 00000

- 0.236287‘

Vi 5 |(0.24-01y )

o ON’@@- G [ sowsd

Va5 |(0.24+00v, )| CF

I,m-—1




Clht = (04, +0.24)CJ, , +0.04C/), +(0.24-0.1u/,, )]

I+1,m

+(0.24-01v, )C!

I,m+1

+(0.24+0v, )

n:0,|:4,m=4

1
C4,4

u,v from lax-wendroff att=0.1

[g]
U, 4

0

(0.1u],, +0.24

n
c;I —1,m

0.24

(0.24-0.14,)

0

Cn

I+1,m

0.24

(0.24-01],)

Cn

I, m+1

0.24

0.000000

(0.24+0.1v,)

Clr,‘m

0.000000



Name-Surname
Date of Birth
Address

Education

Experience

List of Publications

Curriculum Vitae

Chunya Sornsri

June 13rd, 1975

32/185 M 6 Khlongsarm Khlonglung Phatumthani 12120

Degree of Bachelor of Education ( Secondary Education)

Major Secondary Education-Mathematics

Sukothaithammathiraj University 2003

1996 — 2006 Seiko Precision Company Ltd.

2006 — 2010 Nongsua Vitayakom School

2010 — Present Thammasartklonglung Vitayakom School

Pochai, N. and Chunya, S. “A Non-dimensional Form of Hydrodynamic
Model with Variable Coefficients in a Uniform Reservoir Using Lax-

Wendroff Method,” Physics Procedia. 8, (August 2011): 89-93.



	Binder1
	1
	3
	4
	5
	6
	7
	8
	9

	Binder2
	CHAPTER 1
	Chapter1 page 2-4
	CHAPTER 2
	Chapter 2 page 6-11
	CHAPTER 3
	Chapter 3 page 13-18
	CHAPTER 4
	Chapter 4 page 20-23
	CHAPTER 5

	Binder3
	10
	11 Appendix p-1
	11.2.step 1(z) at t=0
	11.3 ตารางรวม z,u,v step 2 t=0.05
	11.4 step 2 -ขั้นแรก
	11.5 step 2 -ขั้นแรก
	11.6 step 2 -ขั้นแรก
	11.7 step 2 -ขั้นแรก
	11.8 step 2 -ขั้นแรก
	11.9 step 2 -ขั้นแรก
	11.10 step 2 -ขั้นแรก
	11.11 step 2 -ขั้นแรก
	11.12 step 2 -ขั้นแรก
	11.13 step 2 -ขั้นแรก
	12

	Binder4
	13
	15
	16
	18
	20
	22
	24
	26
	28
	29คำนวน
	29.1
	ภาคผนวก b
	ภาคผนวก b.1
	ภาคผนวก b.2
	ภาคผนวก b.3
	ภาคผนวก b.4
	ภาคผนวก b.5
	vitae




